The hamstring muscles frequently suffer injury during high-speed running, though the factors that make an individual more susceptible to injury remain poorly understood. The goals of this study were to measure the musculotendon dimensions of the biceps femoris long head (BFlh) muscle, the hamstring muscle injured most often, and to use computational models to assess the influence of variability in the BFlh's dimensions on internal tissue strains during high-speed running. High-resolution magnetic resonance (MR) images were acquired over the thigh in 12 collegiate athletes, and musculotendon dimensions were measured in the proximal free tendon/aponeurosis, muscle and distal free tendon/ aponeurosis. Finite element meshes were generated based on the average, standard deviation and range of BFlh dimensions. Simulation boundary conditions were defined to match muscle activation and musculotendon length change in the BFlh during high-speed running. Muscle and connective tissue dimensions were found to vary between subjects, with a coefficient of variation (CV) of 17 76% across all dimensions. For all simulations peak local strain was highest along the proximal myotendinous junction, which is where injury typically occurs. Model variations showed that peak local tissue strain increased as the proximal aponeurosis width narrowed and the muscle width widened. The aponeurosis width and muscle width variation models showed that the relative dimensions of these structures influence internal muscle tissue strains. The results of this study indicate that a musculotendon unit's architecture influences its strain injury susceptibility during high-speed running.
Introduction
Athletes participating in a wide range of high-speed sports commonly suffer acute hamstring strain injury (Alonso et al., 2012; Brooks et al., 2006; Elliott et al., 2011; Hagglund et al., 2013) . Previous research studies attempting to associate acute muscle strain injury with a variety of factors have been inconsistent and inconclusive (Opar et al., 2012; Zvijac et al., 2013) . Systematic reviews of the literature found that previous studies have focused primarily on external measurements such as strength and flexibility (Foreman et al., 2006; Opar et al., 2012) , but no study has assessed the intrinsic structure of the hamstring musculotendon unit and how the variability in structure dimensions influences strain injury susceptibility during high-speed running.
Previous experimental and computational studies have established the importance of hamstring musculotendon architecture to strain injury susceptibility. Dynamic magnetic resonance imaging (MRI) of the biceps femoris long head (BFlh), the hamstring injured most often (Koulouris and Connell, 2003) , showed that internal hamstring morphology can play a key role in determining internal muscle tissue strain magnitude (Fiorentino et al., 2012) . These experiments, however, were performed inside a MR scanner where bore size limits joint range of motion, musculotendon length change and muscle activation. Computational models provide local tissue strain predictions where experiments are not able to provide direct measurements. Previous finite element (FE) model simulations of active lengthening in the BFlh demonstrated the importance of aponeurosis (i.e., muscle fiber attachment site) dimensions to internal muscle tissue strains (Rehorn and Blemker, 2010) . These simulations, however, represented a single, nonphysiological variation in aponeurosis width and were not representative of muscle activations and musculotendon length changes experienced during sprinting.
The BFlh's muscle fibers have been qualitatively described as originating on a relatively narrow proximal aponeurosis and inserting on a broader distal aponeurosis (Woodley and Mercer, 2005) . Anatomical studies have primarily been based on cadaveric specimens and reported the length of BFlh muscle and tendon dimensions (Friederich and Brand, 1990; Kellis et al., 2010;  Contents lists available at ScienceDirect journal homepage: www.elsevier.com/locate/jbiomech www.JBiomech.com Ward et al., 2009; Woodley and Mercer, 2005) . To date, anatomical studies have not reported the relative width and thickness dimensions of the fiber attachment sites (i.e., the proximal aponeurosis and distal aponeurosis) in the BFlh. Furthermore, to what extent variability in musculotendon dimensions affects BFlh function during high-speed running has not been explored. The purpose of this project was to determine the influence of musculotendon variability in the oft-injured BFlh on internal tissue strains during high-speed running. First, the musculotendon dimensions of collegiate athletes were measured with high resolution MR imaging. Second, finite element computational meshes were generated based on the average musculotendon dimensions of athletes and over the ranges measured in the muscle and proximal aponeurosis width. Third, to explore the influence of musculotendon variability on muscle tissue strains and strain injury susceptibility, local tissue strains were predicted for muscle activations/length changes derived from experiments during running at maximum speed.
Methods

Subjects
Twelve University of Virginia track and field athletes (eight male) signed informed consent to participate in an Institutional Review Board approved study. All athletes competed in sprinting or jumping events and comprised a range of heights (168-183 cm) and masses (62-82 kg). Athletes were participating fully in practice and events at the time of scanning and filled out a questionnaire about previous injury. Six athletes had no self-reported history of acute muscle strain injury, and six athletes had self-reported symptoms corresponding to a grade I or II injury at any point during their past. Any athlete who was recruited for the study but had suffered a grade II or more severe injury and missed multiple practices or an event due to the injury was excluded from the study. All injuries were at least six months prior to image acquisition and were not severe enough to warrant diagnosis by a clinician. Previously injured athletes and athletes without a history of injury were grouped together because a multivariate ANOVA statistical test did not reveal a significant difference (po0.05) between the two groups when comparing all of the measured dimensions.
MR image acquisition
Subjects were imaged in the prone position with a 3T Siemens Trio magnetic resonance (MR) scanner (Erlangen, Germany). A MR-compatible foam pad was placed under the hips and torso to flex the hips and knees to 15-201. Axial-plane MR images were acquired from the biceps femoris long head's origin at the hip to its insertion below the knee. A Dixon pulse sequence was used to account for the chemical shift artifact that could interfere with fine musculotendon measurements (TR 7 ms, TE 2.45 ms, flip angle 91, 5-mm slice thickness, field-of-view 375 Â 500 mm 2 , imaging matrix 504 Â 672, N avg 2) (Dixon, 1984) . The Dixon sequence yields images with high spatial resolution (0.7 Â 0.7 mm 2 ) and high contrast between muscle, fat and connective tissue.
Muscle and tendon measurements
The proximal and distal tendons of the BFlh have two parts-a thick and relatively narrow free tendon that originates or inserts onto bone and a thin and relatively wide aponeurosis on which muscle fibers originate and insert at the myotendinous junction (MTJ). The dimension of the proximal tendon, muscle and distal tendon were assessed on high-resolution MR images using image analysis software OsiriX (Rosset et al., 2004) . The muscle and tendon measurements were made manually using the curvilinear measurement tool with OsiriX, and OsiriX software performed the calculation for width and thickness dimensions. Length dimensions were derived from the center of regions of interest and calculated with Microsoft Excel. Muscle and tendon dimensions measured on MR images, described in detail below, defined the geometry of the finite-element computational mesh (Table 1) .
To account for the variable width and thickness over the BFlh (Kellis et al., 2010) , we chose six measurement locations along the tendon/aponeurosis and five locations along the muscle. For the tendon/aponeurosis, the six locations were: (i) the origin/insertion of the musculotendon unit (i.e., where the free tendon meets the bone), (ii) halfway between the origin/insertion and the last image on which no muscle was present, (iii) the last image where no muscle was present, (iv) the first image on which muscle was present, (v) halfway between the first image on which muscle was present and the end of the aponeurosis and (vi) the end of the aponeurosis. (See Fig. 1 for a visual representation of measurement locations and example measurements.) For the free tendon, we defined width as the curvilinear distance corresponding to the long axis of the cross section and through the center of the cross section (Fig. 1 ). For aponeurosis, we defined width as the curvilinear distance in the circumferential direction with respect to the center of the muscle's cross section. Because of variable thickness over the width of connective tissue structures, thickness was defined as the area divided by the width measurement. This approach yielded a more reliable measurement for thickness than arbitrarily choosing a point for thickness measurement, which, for the proximal aponeurosis especially, was considerably variable over its width.
Muscle width and thickness were assessed at five locations: (i) halfway between the most superior image on which muscle was present and the end of the distal aponeurosis, (ii) the end of the distal aponeurosis, (iii) halfway between the most superior and most inferior images on which muscle was present, (iv) the end of the proximal aponeurosis and (v) halfway between the end of the proximal aponeurosis and the distal most image on which muscle was present. (See Fig. 1 for a visual representation of measurement locations and example measurements.) We defined muscle thickness as the curvilinear distance between the middle of aponeuroses and through the center of the cross section (Fig. 1) . We defined muscle width as the curvilinear line through the center of the cross section and the points in the muscle furthest away from the center. This was usually the most anterior and posterior points in the muscle. At the measurement locations for muscle thickness and muscle width, the center of the cross section was identified by outlining the muscle and calculating the centroid of the outlined shape. For muscle and connective tissue, the centroid of the segmentation outlines was used to calculate the length of the structure, which was found by summing the linear distance between centroids along the structure's length.
Computational mesh generation and sprinting simulations
The process for building the finite element (FE) computational meshes and simulating sprinting has been described previously (Fiorentino et al., 2014) . Briefly, Representative muscle fibers were mapped through the FE mesh to define initial fiber direction at each element and calculate spatially varying local tissue strain . MR: magnetic resonance. ST: semitendinosus. GMax: gluteus maximus. BFlh: biceps femoris long head. Fib: fibula.
Fig. 2.
Model boundary conditions and material parameters. Boundary conditions for the simulation were defined based on measured kinematics and forward dynamic simulations of sprinting in a previous study (Chumanov et al., 2007) . The musculotendon unit was fixed at the proximal end and displaced at the distal end. Activation was applied to the muscle tissue. Muscle and connective tissue constitutive relationships and material parameters definitions have been published previously . P1: along-fiber extension multiplicative modulus. P2: along-fiber extension exponential modulus. λ ofl : along-fiber stretch at optimal fiber length. λ*: stretch at which stress-strain relationship becomes linear. A o : exponential shear modulus (Sharafi et al., 2011) . G af : along-fiber shear modulus. G cf : cross-fiber shear modulus. K: bulk modulus. σ max : peak isometric stress.
FE meshes were generated with TrueGrid software (XYZ Scientific Applications) and included 3900 hexahedral elements and 5262 nodes (Fig. 1) . The mesh consisted of three materials -proximal free tendon/aponeurosis, muscle and distal aponeurosis/free tendon -connected rigidly by coincident nodes. Muscle and connective tissue were modeled as transversely isotropic, hyperelastic and quasiincompressible materials Criscione et al., 2001; Weiss et al., 1996) . The constitutive formulation has previously been described in detail . Simulations were run with the nonlinear implicit solver Nike3D (Puso et al., 2002) and qualitatively analyzed with PostView software (Maas et al., 2010) . Boundary conditions for the FE simulation were defined based Table 3 Comparison to literature values. Musculotendon measurements for the BFlh were compared to select studies in the literature. If more than one measurement was reported in a literature source, the numbers were averaged. If more than one measurement location was available for the model or literature source (e.g., superior, middle, inferior), the numbers were averaged and the standard deviation is listed. When provided, percentage of the musculotendon unit length is listed in conjunction with the measurements. For the in vivo muscle volume comparison, the BFlh was outlined on all MR images, and muscle volume was calculated as the segmentation area times the slice thickness summed over the muscle's length (Handsfield et al., 2014) . Pennation angle measurements were averaged for the proximal aponeurosis (i.e., deep aponeurosis) and the distal aponeurosis (i.e., superficial aponeurosis). MR: magnetic resonance.
[ (2001) on a previous study of 19 athletes running on a treadmill at maximum speed (8.64 m/s) (Chumanov et al., 2007) . The previous study generated BFlh muscle activation (up to 60%) and musculotendon unit length change, (up to 8% strain) which, in this study, were applied to muscle tissue and to the inferior end of the distal tendon while holding the superior end fixed, respectively (see Fig. 2 for timevarying curves). Simulations ran from mid-swing to foot contact, or from 70% of the sprinting gait cycle to 100%, which is when BFlh injury has been predicted to occur in treadmill running studies (Heiderscheit et al., 2005; Schache et al., 2009 ).
Strain analysis
To quantify muscle fiber strain and local strain, 76 points along 324 representative muscle fibers were tracked throughout the simulation and used to define 75 intra-fiber segment lengths . Local fiber strain was defined as the difference between the intra-fiber segment length at each point in the simulation and the original segment length divided by the original segment length. Local fiber strain is an engineering strain definition. Peak local strain refers to the largest local strain for each fiber. Maximum peak local strain refers to the largest peak local strain achieved by any fiber at any point in the simulation.
Model variations
Finite-element meshes were generated based on the average dimensions of athletes and variability in proximal aponeurosis width and muscle width. The dimensions for the model variations are listed in Table 2 . Proximal aponeurosis width and muscle width were varied from the average based on the range and standard deviation of measurements for all athletes and included the minimum, minus one standard deviation from the average, plus one standard deviation from the average and the maximum.
Comparison of model predictions and dynamic imaging
A previous study showed that the FE modeling framework used here was able to accurately predict strain measurements in dynamic magnetic resonance (MR) imaging experiments (Fiorentino et al., 2014) . The model in the previous study predicted first principal strains in BFlh muscle tissue during active lengthening and passive lengthening experiments from a previous study (Fiorentino et al., 2012) . Model predictions of local muscle tissue strain adjacent to the proximal MTJ were within the standard deviation of measurements during both passive lengthening (0.13 for the model vs. 0.137 0.06 for MR experiments) and active lengthening (0.22 for the model vs. 0.197 0.09 for MR experiments) (Fiorentino et al., 2014) , where the standard deviation is variability across imaging subjects.
Results
Musculotendon dimensions of track and field athletes were variable between subjects (Table 1) . To report variability across multiple structures and/or locations that can vary in size by an order of magnitude or more, the coefficient of variation was calculated (CV) as the percentage of the standard deviation divided by the mean. The CV across all dimensions and measurement locations was 1776%. For the proximal aponeurosis, the CV was 1875% over all superiorinferior locations, and the CV for muscle width was 1274%. Width dimensions for aponeuroses and muscle were variable along their length, with smaller widths in regions where the structure narrows as it approaches the free tendon. Musculotendon measurements of track and field athletes were generally within the range of values reported in cadaver and in vivo studies of the BFlh (Table 3) , especially when length dimensions were expressed relative to the musculotendon unit length. For example, the proximal tendon length was 7 cm for the current study and 5 cm for a previous cadaver study (Kellis et al., 2012) , and the proximal tendon length relative to musculotendon length was 15% and 13%, respectively. When comparing athletes who had sustained a previous injury to those who had never suffered an acute strain injury, measurements were not significantly different.
Finite element results of the model with the average athletes' musculotendon dimensions found highest along-fiber strain in muscle tissue near the proximal aponeurosis (Fig. 3) . For the BFlh model variations of proximal aponeurosis width, peak local strain increased with narrower aponeurosis widths (Fig. 4) . For the BFlh model variations of muscle width, peak local strain increased with wider muscle width (Fig. 5) . The maximum peak local strain increased for models with relatively narrower proximal aponeurosis widths and wider muscle widths (Fig. 6 ). The range of maximum peak local strain was larger for the proximal aponeurosis width model variations (0.51-0.62) than for the muscle width model variations (0.55-0.60). Relative to the average model (0.57 maximum peak local strain), the minimum aponeurosis width model increased maximum strain by 9%, and the maximum muscle width model increased maximum strain by 5%. To directly compare maximum peak local strain for the aponeurosis width and muscle width models, maximum peak local strain was plotted as a function of the ratio of aponeurosis width to muscle width. Maximum peak local strain was found to increase for a smaller ratio of proximal aponeurosis width to muscle width.
Discussion
The primary goals of this study were to perform in vivo measurements for muscle and tendon dimensions over a range of subjects and to assess what impact measured physiological variability has on local tissue strain during sprinting using FE simulations. The motivation for this work is the unexplained high injury rates for the biceps femoris long head (BFlh) despite decades of inquiry into causation and individual factors. Our modeling results predict that an individual's musculotendon dimensions contribute to strain injury susceptibility, where a larger muscle and/or narrower proximal aponeurosis make an individual more susceptible to injury by increasing peak local muscle tissue strain (Fig. 6) . (Maas et al., 2010) . Along-fiber strain was largest along the proximal aponeurosis, or near the proximal myotendinous junction (MTJ), and decreased with distance to the distal aponeurosis. Views are of a longitudinal cross section (cross-section view), from superior of the musculotendon unit (superior view) and from the outside surface (surface view). The superior view shows how the muscle cross-section narrows from the center of the muscle to the proximal aponeurosis.
Higher strains for narrower proximal aponeuroses have also been observed in the BFlh during active lengthening MR experiments (Fiorentino et al., 2012) . A wider muscle was also shown to increase local tissue strains in FE simulations, though to a lesser extent than aponeurosis width over the physiological range of musculotendon measurements. A smaller ratio of aponeurosis width to muscle width resulted in larger maximum peak local strains for all model variations tested in our study, which includes ratios of 0. 24, 0.26, 0.28, 0.30, 0.33, 0.37, 0.39 and 0.45 (Fig. 6) . These ratios were similar to ratios measured in athletes (average: 0.32 and range 0.22-0.42). The results of the muscle width and aponeurosis width model variations demonstrate that musculotendon variability has the potential to influence internal muscle tissue strains and strain injury susceptibility during sprinting.
Modeling results found the largest peak local strain in muscle tissue adjacent to the proximal aponeurosis (Fig. 3) . Previous postinjury MR studies have shown the muscle tissue adjacent to the proximal aponeurosis (i.e., myotendinous junction) suffers acute strain injury more often than other regions within the muscle (Askling et al., 2007; Silder et al., 2008) . Higher strain closer to the BFlh's proximal aponeurosis has also been observed in experimental MR studies of active lengthening in the BFlh (Silder et al., 2010) . Larger strain in muscle tissue near the proximal aponeurosis was the result of the BFlh's longitudinal cross section converging from the middle of the muscle (between the aponeuroses) into the proximal MTJ (see superior view in Fig. 3) . Because the muscle's cross sectional area is larger in the middle between the two aponeuroses and smaller adjacent to the proximal aponeurosis, a given amount of muscle activation generates more stress in the middle than near the proximal MTJ. To balance the difference in stress, the muscle tissue near the proximal MTJ must stretch more than adjacent tissue.
Computational models in the BFlh have previously demonstrated increased local tissue strain and strain injury susceptibility at faster running speeds as well (Fiorentino et al., 2014) . The previous study showed an increase from 70% to 100% of maximum speed increased local tissue strain by 29%, which is only slightly greater than the increase over the range of aponeurosis widths in the current study (21%, from 0.51 to 0.62). Because faster running speeds are known to increase injury susceptibility (Lysholm and Wiklander, 1987) , the comparable increase in local tissue strain over the range of Fig. 4 . Aponeurosis width variation results. The proximal aponeurosis width was varied at each superior-inferior location over a physiological range and included the minimum, the average minus one standard deviation, the average plus one standard deviation and the maximum dimensions. (Dimensions listed in Table 2 .) The average model results correspond to the average dimensions across all athletes. Peak local along-fiber strain plots show the temporal variation from mid-swing to foot contact, where each line represents a single representative fiber. Plots demonstrate decreasing maximum peak local along-fiber strain with wider proximal aponeurosis width. MS: mid-swing. FC: foot contact. aponeurosis widths suggests that the effects of musculotendon variability is almost on par with the effect of increasing speed. Animal models of injury have also found musculotendon architecture and muscle activation to influence strain injury susceptibility (Garrett et al., 1987 (Garrett et al., , 1988 . Furthermore, local tissue strain measurements in an animal musculotendon unit lengthening experiments found injury to occur reliably at an axial strain of 0.61 (Best et al., 1995) , which is at the higher end of local tissue strain predictions in the current study. The animal experiments, however, were performed on fusiform musculotendon units (as opposed to pennate musculotendon units like the BFlh) and without muscle activation.
Biceps femoris long head musculotendon measurements were generally within the range of values reported in previous cadaveric and in vivo studies (Table 3 ). As would be expected when comparing a group of athletes to a cadaveric population, the magnitude of measurements was generally larger for athletes than for cadavers. When length measurements were expressed relative to the MTU length, the values reported in this study matched more closely the values from cadaver measurements. The largest deviations from previous research were muscle volume and the fiber length to muscle length ratio. The current study's ratio, which is based on fascicle lengths derived from models, was 0.37 and a recent cadaver study found a fiber length to muscle length ratio of 0.27 (Kellis et al., 2012) . Ratio differences between this in vivo study and cadaveric specimens could be attributed to the difference in posture when measurements were acquired (Schache et al., 2013) , given that cadavers are typically embalmed in anatomically neutral -the hips and knees fully extended (01) -and the hips and knees of athletes in this study were flexed to 15-201 in the MR scanner. Furthermore, longer fascicle lengths have been measured for sprinters as compared to height-matched nonsprinters (Lee and Piazza, 2009) , which would help explain why the fascicle length ratio derived from models in this study is relatively longer than cadavers.
Modeling results have shown that the BFlh's musculotendon architecture influences its strain injury susceptibility by altering the magnitude of local muscle tissue strains during sprinting. Animal models have provided the most comprehensive and direct measurements of muscle strain injury and strain injury susceptibility, given that large local tissue strain has been found to correlate directly with location of injury (Best et al., 1995) and the magnitude of strain correlates with the extent of injury (Lieber and Friden, 1993) . Table 2 .) The average model results correspond to the average dimensions across all athletes. Peak local along-fiber strain plots show the temporal variation from mid-swing to foot contact, where each line represents a single representative fiber. Plots demonstrate increasing maximum peak local along-fiber strain with wider muscle width. MS: mid-swing. FC: foot contact.
Assuming a linear relationship between strain increase and strain injury susceptibility, the musculotendon dimension variations in humans that resulted in larger local tissue strain were considered to be more susceptible to strain injury. Therefore, an individual's muscle and tendon dimensions should be taken into account in combination with other factors when assessing athletes' strain injury susceptibility.
Strain injury susceptibility is likely a confluence of factors (Bahr and Holme, 2003) , and a number of factors should be considered in addition to muscle and tendon dimensions. Previous injury and age have garnered the most support as factors that increase strain injury susceptibility (Opar et al., 2012) ; however, the cause-effect relationships between strain injury susceptibility and post-injury changes and age have yet to be determined. Future modeling work could provide insight into this question by simulating the effect of musculotendon variability in injured and non-injured athletes. Post-injury muscular changes such as atrophy, edema and strength deficits, which were recently measured at the time of return-tosport and/or six months after injury (Sanfilippo et al., 2013) , likely contribute to strain injury susceptibility as well.
The model variation results reported here motivate future work to track how musculotendon dimensions are altered after injury, disuse or training. It is possible that aponeuroses dimensions remodel at the same rate as muscular dimensions, thereby reducing (or not increasing) strain injury susceptibility by compensating for a bigger muscle with a wider aponeurosis width. In addition, muscle hypertrophy may be accompanied by reductions in muscle activation, because a larger muscle will require less muscle activation to produce the same amount of force. Furthermore, given that musculotendon dimensions varied considerably, as evidenced by the 17% coefficient of variation across all subjects and dimensions, future work is necessary to deduce why some individuals have musculotendon dimensions that make them more susceptible to injury and others do not.
Limitations to the current modeling approach include the lack of force-velocity effects and viscoelasticity in the constitutive formulation. Adding these complexities might change the magnitude of local tissue strain and possibly the relative changes with variable musculotendon dimensions. However, the general trends with narrower aponeurosis width and wider muscle width would remain, because the convergence of the longitudinal cross section rationale behind higher muscle tissue strain near the proximal MTJ is unchanged by force-velocity and viscoelasticity. In addition, the boundary conditions for the model simulations in this study are based on forward dynamic simulations of sprinting in the literature and not based on direct measurements of activation and length change in the current study's athletes. The forward dynamic simulations in the previous study did generate motions that matched experimental marker trajectories during sprinting for 19 athletes (Chumanov et al., 2007) . Additionally, future FE simulation studies could compare additional musculotendon dimensions to gain a more complete understanding of the influence of musculotendon variability.
The modeling results in the current study have a wide range of implications for the high injury rates observed in the BFlh. The idea that the musculotendon's architecture (i.e., the relative dimensions of the muscle and aponeuroses) influences its strain injury susceptibility could help explain why certain athletes are injured and not others. More investigation, including a prospective study, is required to ascertain the deterministic capability of measuring an individual's musculotendon dimensions. In the meantime, the modeling results of this study demonstrate the influence of the BFlh's musculotendon dimensions on internal muscle tissue strains during sprinting, and, as such, the BFlh's structure should be taken into consideration when trying to understand, explain and reduce the high injury rates observed in the BFlh muscle. Fig. 6 . Maximum peak local strain results. Maximum peak local strain was plotted for proximal aponeurosis width and muscle width model variations. The width variations results were combined by plotting maximum peak local strain versus the ratio of proximal aponeurosis width to muscle width. The combined plot demonstrates a decreased maximum peak local strain for an increasing ratio of aponeurosis width to muscle width and the larger range of maximum peak local strain for aponeurosis width models than muscle width models. The histogram shows that the athletes' ratios for aponeurosis width to muscle width measurements span the range of ratios used in the models.
